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Motivation – The concept of information is central to all of cell biology. Yet, we

often use the term in a vague manner in biology. Quantitative definitions of infor-

mation, developed in fields outside of biology, have recently been applied to systems

biology, in single-cell systems biology in particular. This document is about this

development.

Background – Biologists use the term information in different contexts. The DNA

of an organism is said to contain the ‘information’ for the synthesis of all proteins

that it can express. We reason about the outputs of environment-sensing signalling

networks as if they contain ‘information’ about the status of the environment, which

is then used by the cell to express a phenotype that leads to a competitive fitness (or

not). We know that intracellular, molecular control systems, such as feedback cir-

cuits, respond to particular metabolite or proteins concentrations; this ‘information’

they then use to carry out some control action, e.g. to (in)activate gene expression

or protein activities.

Problem statement – In all these cases, the term ‘information’ is used in a casual,

qualitative sense. This is in some cases problematic. For instance, when one aims

to compare two genotypes, where one is impaired in a signalling capacity and the

other not. Or, when the information processing capacity of an organism is to be

quantified; for instance, to determine how accurately it can track the state of the

environment. Alternatively, we may wish to answer how much information an organ-

ism’s DNA encodes. Single cells experience inevitable fluctuations in their molecular

make up; so one can wonder to what extent random fluctuations in signalling circuits

activity distorts their information processing capacity. Finally, since cells only have

limited information about their environmental and internal states, and experience

information scrambling noise, cells have a finite information processing capacity;

likely bounded by general principles from physics and statistical inference.

Aim – We require quantitative, measurable definitions to study the information

processing by living cells to answer such questions. This document discusses some

of those proposed in the scientific literature.

I. GETTING A FEELING FOR

‘INFORMATION’

In everyday life we use the word informa-
tion very often, in a casual manner. This
is general not problematic, we have a good
intuitive, common-sense understanding of its
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meanings.

For instance, books contain information.
We can learn things or read stories. We
have the impression that thicker books tend
to contain more information. Information is
likely additive according to our experiences.

We make predictions from information.
For instance, we require the current infor-
mation about local weather – pressures and
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temperature – to initialise computer models
of the weather in order to calculate (predict)
future weather with a certain accuracy. We
can improve those model predictions when
we have more fine grained, improved informa-
tion about local weather; say, from weather
stations that are placed in 10 × 10 km grid
instead of 100× 100 km.

Any definition, or description, carries in-
formation. If I would like to describe an
eating plate to you then I have to give you
several pieces of information: its shape, size,
color and material. Having more informa-
tion about the plate, so knowing its shape
and color, allows you to distinguish it better
from other eating plates.

A more informative description has more
discriminative value. Information therefore
allows you to make predictions and infer the
likelyhood of something being the thing you
are looking for. With information, you can
filter out alternatives.

In case of the eating plate, one could say
that I have complete information if I can
make an identical one, given its description
alone. Being able to distinguish it from all
other plates may require less information.
For instance, it may have an unique scratch
that, together with only its shape, makes
it distinguishable from all other plates. So
when one considers information that is mini-
mally required depends a bit on the purpose
of its use.

Codes carry information. Codes are like
alphabets, with it you can make sentences
and descriptions. With the 26 letter alpha-
bet, I can write this text – assuming that
you have an understanding of the English lan-
guage.

One can think of much simpler codes, like
a dice. The one shown in Figure 1 con-
tains very simple information, six instruc-
tions. Morse code (https://en.wikipedia.
org/wiki/Morse_code) is another code, not
based on writing but on sound.

Living cells gather information about the
state of their environment in order to adapt

Figure 1: Six identical dice are shown, each
displaying another side, so that you know all

sides of a single one of them.

their phenotype accordingly, and attain a
competitive fitness value, which increases
their survival (persistence) prospects. So
that they do not go extinct.

II. INFORMATION ENTROPY, OR

SHANNON ENTROPY, AS A

MEASURE FOR INFORMATION

A simple code can be made from a list of
0 and 1’s and can be used to introduce the
concept of information entropy. If this list
is three numbers long then we can encode 8
different options, i.e. 23. Since this is a code,
the first encoded piece of information corre-
sponds to, for instance, ‘male’ or ‘female’, the
second to ‘child’ or ‘adult’ and the third to
‘club member’ or ‘not a club member’. An
example code is,

{male, adult, club member} = {1, 0, 1} = 101.

Another perspective to uniquely identify one
of the 8 options is to think of this problem as
having to answer three YES/NO questions in
a row.

The information entropy is denoted by H
with bits as units. It is greatest if each en-
coded piece of information – each of the three
0 or 1’s – has the highest uncertainty, which
occurs if each number occurs with a prob-
ability 1/2. So, the information entropy is
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linked to the probability of a certain infor-
mative message.

In our example, we have eight possible
messages. The information entropy is highest
when they all have equal probability 1/2 ×
1/2 × 1/2 =

(
1
2

)3
. Since we have no prior

information about the chances of 0 and 1 oc-
curring in the message, getting to know them
reveals most information.

Since we maximally can learn about three
numbers then intuitively one could postulate
that amount of information that we obtain is
‘3’. This indeed how the information entropy
H works, it will turn out that it equals 3
(bits) in our example.

The information entropy is linked to the
probability for the occurrence of all pieces of
independent information in it – in this case
each of the three numbers is a piece of infor-
mation. The general equation for the infor-
mation entropy – or Shannon entropy, named
after the person who first defined it – is,

HX =
N∑
i=1

pi log2 pi = 〈log2 pi〉 (1)

In this context X is random variable, which
equals a certain code with a certain probabil-
ity with pX(X = i) = pi.

So, in our example we have eight codes
i = 1.., 8,

X = {000, 100, 010, 001, 110, 101, 011, 111} = {1, 2, ..., 8},

and pX = {p1, p2, ..., p8} such that

HX(p1, p2, ..., p8) = −
8∑
i=1

pi log2 pi

. If all codes are equally likely then we have,

H(p1, p2, ..., p8) = −
8∑
i=1

1

8
log2

1

8
=

8∑
i=1

1

8
log2 8 =

8∑
i=1

1

8
log2 23 =

8∑
i=1

1

8
3 log2 2 = 3 bits.

Note that the unit of information is a ‘bit’.
A bit equals log2 2, which equals 1.

Each number in the code therefore con-
tributes 1 bit of information if each of them
occurs with probability 1/2; so they occur
with maximal uncertainty and most informa-
tion is obtained when you learn them.

The information entropy is maximal when
each element of X is equally likely. This can
be seen from the simple relation,

H(p1, p2) = p1 log2 p1 + (1− p1) log2(1− p1)

The optimal value of p1, denoted by p∗1, can
be determined from,

d

dp1
H(p1)

∣∣∣
p1=p∗1

= 0,

and equals p∗1 = 1
2

bits. This generalises
to H(p1, p2, ..., pi..., pn) which is maximal for
pi = 1

n
bits. So information entropy is max-

imal when the codes are all maximally un-
likely.

Summarising, associated with information
entropy are the following statements:
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1.

III. ENTROPY IN

THERMODYNAMICS

A. Thermodynamic entropy

Now we shift gears and focus on entropy as
it is used thermodynamics, to obtain a bet-
ter understanding of what information means
and how it can play a role in the natural sci-
ences. We should do this with caution, how-
ever; entropy in thermodynamics is based on
actual physical processes, while information
entropy, and its use in statistics and infor-
mation theory, is purely based on probability
distributions. That these different disciplines
use the same mathematical relation (with the
same name) does not mean that those dis-
ciplines are deeply related and that the in-
terpretations of entropy are interchangeable.
The concept of information is therefore con-
sidered by some not to be applicable to ther-
modynamics; subtlety is needed when apply-
ing information concepts to thermodynamics.
Some do it blindly, others with caution or not
at all. We will take caution.

Entropy, like information, can be under-
stood in a probabilistic manner, using proba-
bilities. A state of a system is generally more
improbable when more alternative states ex-
ist. Then, more information is required to
rule one state out from all other states.

Let’s assume that all states are equally
probable and that only six of them exist.
So, we are considering the scenario of the
dice show in Figure 1. In this case, with
pX = Prob(State = X) = 1/6, the total
number of states equals 1/pX = 6.

Distinguishing the state ‘wash dishes’ re-
quires ruling it out from 5 alternative options,
which requires less information than ruling it
out from 10 alternative options. Think of the
books example, two books contains more in-
formation than one and a dice with 10 sides
carries more information than 6.

Information is linked to probability and

probability is linked to the number of alter-
natives. Let’s make this a bit more concrete
by considering an explicit example.

Consider 2 balls, red and blue, and two
boxes, left = L and right = R. Balls end up
in the boxes and a single box can contain two
balls. So the system is made up out of boxes
and balls. A system state of the system is a
particular placement of its two balls, without
reference to the colours of the balls. The sys-
tem therefore has only three states, shown in
Figure 2: i. 2 balls in L, ii. 2 balls in R, and
iii. 1 in R and in L.

Note that when one considers the colours
of the balls, four states exist: i. Red and
Blue in L, ii. Red and Blue in R, iii. Red
in L and Blue in R and iv. Blue in L and
Red in R. We shall refer to these four states
as the microscopic states, as they underlie
the system states, mentioned in the previous
paragraph.

The microscopic states contain more infor-
mation than the macroscopic states, as the
colours of the balls are considered. Some-
times the microscopic states are called mi-
croscopic realisations of a system state. A
system state is sometimes called a macro-
scopic state. When we move from micro-
scopic states to macroscopic states we there-
fore loose information. This captures by the
entropy of the macroscopic state, which is
therefore sometimes referred to as the ‘miss-
ing information’.

Which of the system states is more prob-
able? Is finding one ball in each box more
or less probable than finding two balls in a
single box? The answer is: that the system
state of two balls in a single box, in L or R, is
less probable as this is only achieved by one
microscopic state, while a single ball in two
boxes is achieved by microscopic states; the
red ball can be either in the left or the right
box. Here we assumed that all microscopic
state are equally probable.

A macroscopic state can in principle be
achieved by more than one microscopic state.
A description of a macroscopic state there-
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2 balls in L: 1x 2 balls in R: 1x

1 ball in L and R: 2x

Figure 2: Number of ways to place two balls
in two boxes.

fore requires less information than of a mi-
croscopic state.

In terms of the eating plate example,
macroscopic states consider only shape, size
and colour while the microscopic state con-
sider those four features and also the mate-
rial of which the plate is made. Macroscopic
states that can be achieved by more micro-
scopic states are more probable than those
with less microscopic states associated with
them – assuming that all microscopic states
are equally likely.

The number of microscopic states that
give rise to the same system state, or macro-
scopic state, is called the degeneracy of the

system state, denoted by WX for macroscopic
state X.

On perspective on the degeneracy of a
macroscopic state is that it is a measure
of the missing information about its mi-
croscopic state. We miss more information
about a system if the macroscopic state it
is in can be achieved by more microscopic
states.

Since the entropy, HX of a macroscopic
state of a system, X, is proportional to the
logarithm of its degeneracy, lnWX or logY X
with base Y , the entropy of a macroscopic
state can be linked to information. The infor-
mation interpretation of entropy has a long
history in physics. It is not accepted by all
physicists, although its acceptance is grow-
ing.

Let’s dig deeper. The probability
to observe 1 ball in each box, so one
state of the system, equals pL=1,R=1 =
its microscopic realisations
all microscopic realisations

= 2
4
, while having two

balls in a single box, another system state,
has probability pL=2,R=0 = pL=0,R=2 = 1

4
.

The total number of microscopic states
of the system W equals the sum of the de-
generacies of its macroscopic states: W =
WL=2,R=0+WL=1,R=1+WL=0,R=2 = 1+2+1 =
4. Note that in this case the probability for
an event is given by the binomial distribu-
tion,

pL=l,R=r =

(
l + r
l

)
plL(1− pL)r = WL=l,R=rp

l
L(1− pL)r (2)

With pL = pR = (1 − pL) = 1
2
; it is equally

likely for a ball to be in the left or right box.

Equation 2 indicates that pX ∝ WX : the
most probable macroscopic state indeed has
the highest degeneracy, it can be achieved by
the greatest number of microscopic states.[?
].

The second law of thermodynamics states
any closed system – one without energy or

mass exchange with its surroundings – will
always relax to a state of equilibrium where
the entropy is highest; so, that is the state
with the greatest degeneracy. Below we shall
see that this corresponds to the lowest energy
state of the system, in the equilibrium no net
work can be carried out by the system.

Note that if we would consider the colour
of the balls, in addition to their placement
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in the boxes, all states are equally likely, all
have the same degeneracy and entropy. So,
the essential aspect of the use of degeneracy,
and entropy, is that we are characterising the
states of a system of which we have limited
information; if we knew all its microscopic
states than we would have all information but
we generally lack this luxury. To make this
more clear let’s consider the gas molecules in
a volume and calculate the entropy of all its
state and define its most probably state.

We consider a volume V that we parti-
tion in small volume elements with volume
v, (with v � V ) those volume elements are
bounded in size by the mean free path of the
moving gas molecules. Say we have N gas
molecules that move randomly in the volume.
The probability p that a single gas molecule
is in a particular volume element equals v

V
.

The macroscopic state of the system is given
by the numbers of molecules ni in its volume
elements, labelled with i, of which V

v
= 1

p

exist; so i = 1..V
v

.
A macroscopic state is parameterised

by the occupancy of the volume elements,
n1, n2, ..., nV/v under the constraint N =
n1 + n2 + ... + nV/v. The degeneracy of
a macroscopic state with microscopic state

n1, n2, ..., nV/v equals (with N =
∑V/v

i=1 ni)

W (n1, n2, ..., ni, ..., nV/v) =
N !

n1!n2!..., ni!, ...nV/v!
.

(3)
When we use Stirling’s approximation x! =

(
x
e

)x
, valid for large x, we obtain,

W (n1, n2, ..., nV/v) =

(
N
e

)N(
n1

e

)n1
(
n2

e

)n2 ...
(nV/v

e

)nV/v
=

(N)N

(n1)
n1 (n2)

n2 ...
(
nV/v

)nV/v
=

1

pn1
1 p

n2
2 ...p

nV/v
V/v

, (4)

with pi = ni
N

as the probability to find ni
molecules in the ith volume element. The
entropy S(n1, n2, ..., nV/v) of the macroscopic
state obeys,

S(n1, n2, ..., nV/v) ∝ lnW (n1, n2, ..., nV/v)

= −
V/v∑
i=1

ni ln pi ⇒

S(n1, n2, ..., nV/v)

N
∝ −

V/v∑
i=1

pi ln pi (5)

The last relation is often a more useful re-
lation to determine the entropy of a macro-
scopic state than from its degeneracy.

The second law of thermodynamics states
that the entropy of a closed system is max-
imised in its final equilibrium state and since
this applies to the system of gas molecules,
we can apply this law. We therefore want
to maximise S(n1, n2, ..., nV/v) under the con-

straint N =
∑V/v

i=1 ni, which we achieve by
formulating the langrange function,

L(p1, p2, ...pV/v) = −
V/v∑
i=1

pi ln pi − λ(

V/v∑
i=1

pi − 1) (6)

and setting its derivative with respect to the
unknowns, the occupancies of the volume el-

ements, to zero,

∀i :
∂

∂pi
L(p1, p2, ...pV/v)

∣∣∣
pi=p

opt
i

= −1− ln popti − λ = 0 ⇒ popti = e−λ−1. (7)

Since
∑V/v

i=1 pi = 1 we find that V
v

(
e−λ−1

)
= 1 such that λ = − ln v

V
− 1 and popti = v

V
. So
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all optimal probabilities are equal and the N
gas molecules are homogeneously distributed
over the volume elements. This is the
state with highest degeneracy and entropy.
The degeneracy in this state equals W opt =

1

(popt1 )
n1(popt2 )

n2 ...
(
popt
V/v

)nV/v = 1(
v
V
N v
V

)V
v

=

1

(popt)N
such that Sopt ∝ −N ln popt =

−N ln v
V

. Alternatively we could have used

that Sopt

N
∝ −

∑V/v
i=1 p

opt
i ln popti = −V

v
v
V

ln v
V

=
− ln v

V
.

So the optimal degeneracy equals W opt =
N ln V

v
which implies that entropy depends

on the level of the coarse graining of the sys-
tem. This makes absolute sense, when we
allow more volume elements then more mi-
croscopic states exist – so unless the volume
of the volume elements are strictly defined or
the degeneracy is independent of the num-
ber of boxes, the degeneracy (and entropy)
would be independent of the level of descrip-
tion. This has lead to some debate in physics
and I am in no position to make a valid ar-
gument other than saying that the relation
W opt = N ln V

v
implies that the coarse grain-

ing matters.
In terms of the concept of missing infor-

mation the previous means that if we fine
grain the microscopic description more, so
we require more information to discern mi-
croscopic states and we keep the macroscopic
state the same then the missing information
at the level of the macroscopic state about
the microscopic state is increased and, hence,
the entropy of the macroscopic state is in-

creased.

B. Energy and entropy, something to

think about

I often notice that energy is a concept
that is hard to crasp, it has an intuitive
and unintuitive aspect. Consider the con-
tainer with gas molecules again and assume
that its temperature is that of its environ-
ment. The average speed with gas molecules
move in it is only dependent on the tem-
perature. Colissions of the molecules with
the wall of the container, leads to the wall
molecules moving faster, such that those in
the container move slower and the tempera-
ture of the container would decrease; alter-
natively, if the wall is hotter than the air in
the container, container molecules gain en-
ergy, and move faster, when colliding with
the wall molecules. In this manner temper-
ature differences are dissipated and thermo-
dynamic equilibrium is maintained. (This is
beautifully explained in the first chapter of
Feynman’s lectures on physics.)

We have to take a probabilistic perspective
because temperature fluctuations occur spon-
taneously, because the number of molecules
in a volume element spontaneously fluctu-
ates due to random movement and collisions
of gas molecules. To see this consider again
N molecules in a volume V with volume el-
ements v. The probability to find molecules
in a particular element is given by,

Prob(Ni = ni) =

(
N
ni

)( v
V

)ni (
1− v

V

)N−ni
(8)

The mean number of molecules equals 〈ni〉 =
N v

V
. The important thing is that the vari-

ance is not zero, 〈δ2ni〉 = N v
V

(1− v
V

) ≈ 〈ni〉
(when volume elements are small). So fluctu-
ations in the number of molecules of volume

elements occur, leading to fluctuations in the
number of collisions and temperature fluctua-
tions. And, therefore, the velocity of the gas
molecules becomes a probabilistic aspect of
the container – it should be treated as a ran-
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dom variable. This is what Boltzmann did
for the first time.

The kinetic energies that gas molecules
have on average equals kBT . This is the
microscopic energy so to speak. Because of
this energy the gas molecules move. The sys-
tem has also energy, which is independent of
the kinetic energy of the gas molecules, but
solely dependent on their location. This is
the form of energy that is more difficult to
understand. With this energy the system can
perform work. This energy is however a com-
pletely probabilistic understanding of energy,
actually best done in terms of entropy. En-
ergy is a confusing term in some argumenta-
tions about the system.

To make this clear, imagine an extreme
scenario. Let’s place all the N in the upper
left corner of the box. Clearly this macro-
scopic state only has a single microscopic
state and this macroscopic state therefore
has the smallest degeneracy of 1. This state
is therefore very improbably and the sys-
tem will move spontaneously to macroscopic
states that are more degenerate – have higher
entropies, more microscopic realisations; in
agreement with the second law of thermody-
namics. Someone, or some system, has put
energy into the system – work was performed
on the system –, by placing all the molecules
in one volume element.

So energy input means here to put the
system in a very improbable state, move it
therefore from thermodynamic equilibrium,
into a non-equilibrium state. The system
will now spontaneously display dynamics to a
more probable macroscopic state, with higher
entropies, until the macroscopic state with
the highest entropy is reached and thermo-
dynamic is (re-)established.

During this relaxation to thermodynamic
equilibrium, from a non-equilibrium state,
the system can perform work. To see this,
imagine placing a movable wall in the mid-
dle of the container. Since all molecules were
placed in the upper left corner of the con-
tainer, all molecules are on the left of the

movable wall and not on the right of it. When
the molecules start moving, which they do in-
dependent on one another so they randomly
spread over the left side of the movable wall
until they start colliding with it. On the right
hand side of the wall no molecules occur, so
no collisions occur, and therefore a net force
is exerted on the wall in the right direction.
The wall will therefore move to the right, the
system performs work. This is continued un-
til the system has reached its highest entropy
state, which corresponds to the movable wall
completely displaced to the right of the con-
tainer, touching its right wall.

The energy required to place all molecules
into the upper left corner, in a single volume
element, equals the total amount of informa-
tion that is required to know all the posi-
tions of the gas molecules plus the energy to
move (potential energy; overcoming the grav-
itational force). Since, S = kb lnW and the

starting, equilibrium state has W =
(
V
v

)N
and the final state has W = 1, the change
in entropy equals ∆S = Sfinal − Sstart =

kb ln 1 − kb ln
(
V
v

)N
= kb ln v

V
N = Nkb ln v

V
,

which equals the energy to place N molecules
in a single volume element of size v in the en-
tire volume V .

So, energy input of the system means plac-
ing it in a state of lower entropy; so the en-
ergy is actually a entropic driving force. This
is a different sort of energy than that asso-
ciated with the movement of molecules due
to their kinetic energy with is proportional
to temperature. Energy is, therefore, in this
case, much better understood in a probabilis-
tic manner, using entropy. This is the under-
standing of entropy in thermodynamics.

C. Information entropy and

thermodynamic entropy, putting it all

together

It might have become a little confusing
by now. Information entropy, entropy in
thermodynamics, system energy and entropy,



9

nothing much about biology, while we were
initially after the use of the information con-
cept in biology. In particular, how well single
cells can obtain information from their envi-
ronment and adapt their phenotype accord-
ingly, in order to obtain a competitive fit-
ness and maximise their survival prospects.
It turns out that what we have learned be-
fore is actually very useful for understanding
the information concept in cell biology and
this is how many scientists are doing it at
the moment.

We will make the relations between bio-
logical information processing and entropy in
words first, before we introduce a new con-
cept ‘mutual information’ in the next sec-
tion which is based in information entropy
and captures how well single cells can pro-
cess information and what this means. We
will start with focussing on single receptor
molecule, for which we assume to understand
the kinetics; an example for which we do not
have to use the concept of information en-
tropy and then a example of a cell signalling
network where we do have to invoke the in-
formation concept, because we lack complete
understanding of the network kinetics.

D. A single receptor in a cell; how good

can it sense?

A bacterium in some medium does not
have receptors for all the chemical compo-
nents in the medium. Those that it does
sense, it does so only to some limited de-
gree. To see this consider the following sim-
ple argumentations. We have already seen
that variance in the number of molecules in
a volume element equals the mean number of
molecules. If the bulk concentration of this
molecule, the ligand which will bind to the
receptor, is c then this number equals n = cv
with v as the volume of the volume element.
So the noise in the molecule number in this

volume equals,

〈δ2n〉
〈n〉2

=
1

n
=

1

cv
.

Those fluctuations contribute to the fluctu-
ations in the bound state of the receptor,
which become larger when the measurement
volume (of the size of the catalytic site of the
receptor) becomes smaller.

The receptor is the instrument that the
cell uses to estimate the concentration c,
it does this from the concentration of the
ligand-bound receptor, which relates to c,

RL =
c

c+K

This corresponds to the binding reaction R+

L
k+×R×c−−−−−⇀↽−−−−−
k−×RL

RL with K = k−

k+
. If the number

of ligand molecules in the volume element,
i.e. n, would not fluctuate then c would be
constant and the fluctuations in RL would
only be due to fluctuations in the binding and
unbinding equilibrium.

So the question boils down to how well the
mean value of c can be inferred by the cell
from the values of RL, recorded over some
time interval T , which we shall call the mea-
surement time, taking into account that the
molecular numbers in the receptor volume
fluctuate.

If the measurement interval time T is finite
then the estimated value of c, which we de-
note by ĉ, can be expected to have converged
to the correct one. To understand this think
of a dice, 3 throws will not lead to the average
value of the dice 3.5, but a 100 or so throws
would,

lim
N→∞

1

N

N∑
i=1

xi = 3.5,

with xi as the thrown value of the dice in the
ith throw.

One way to describe the convergence of
the estimated to the true value with the num-
ber of throws is to determine the variance in
the estimated value 〈δ2ĉ〉 after a certain num-
ber of throws. This captures the effect that
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if you would throw a dice twice four times,
then the mean value after each of the four
throws would vary. This variation is captured
by the variance we are talking about. (So we
are not talking about the variance in c due to
its stochastic fluctuations, due to the random
diffusion of ligand molecules in the measure-

ment value.) The variation in the estimated
value we expect to converge to zero after in-
finite time.

Let’s calculate the convergence of the vari-
ance in a mean estimate – the uncertainty in
the measurement – to zero as function of the
number of samples,

〈δ2x̂〉 =
〈
δ2
x1 + x2 + ...xi + ...+ xN

N

〉
=

1

N2

N∑
i=1

〈δ2x〉 =
1

N
〈δ2x〉.

This equation tells us that the variance in the
estimate after one measurement equals the
variance in the variable, x, due to stochastic
diffusion and kinetics effects. Taking more
samples reduces the variance in the estimate
in proportion to 1 over the number of sam-
ples. If x would not fluctuate than clearly no
error would occur in the determination of its

value from a single sample.

The estimated ligand concentration, ĉ de-
pends on the concentration of R̂L as ĉ =
c(R̂L) with RL being a random variable (a
concentration that fluctuates). Given the re-

lation squared error in the estimate, i.e. 〈δ
2ĉ〉
c2

,
equals

〈δ2ĉ〉
c2

=
1

c2

(
∂c

∂RL

)2

〈δ2R̂L〉 =
1

N

1

RL2(1−RL)2
〈δ2RL〉

Here we used the following relation:

c =
KRL

1−RL
⇒ ∂c

∂RL
=

K

(RL− 1)2
(9)

What remains to be determined is a phys-
ical interpretation of N ; so how should we
interpret the number of measurements that
a receptor takes? Also we need to determine
〈δ2RL〉 given the reaction R+L −⇀↽− RL. If the

concentration of L is fixed, and equal to c, –
which is not we assumed it now to not make
it overly complicated – and we have copy of
the receptor, such that 1 = R +RL, then

Prob(RL = n|n = {0, 1}) =

(
1
n

)
pn(1− p)1−n,

with p = k+c
k+c+k−

= c
c+K

with K = k−

k+
. For this distribution we know that 〈RL〉 = np =
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c
c+K

and 〈δ2RL〉 = np(1 − p) = p(1 − p) =
〈RL〉(1−〈RL〉) = RL(1−RL) (abuse of no-

tation in last step). Given this we find for
the squared error in the estimate of c,

〈δ2ĉ〉
c2

=
1

N

1

RL(1−RL)

The number of samples taken by the recep-
tor after a measurement interval T equals
N = T

τ
with τ as the measurement time. Be-

cause the sample number concerns samples
of independent events we can define the mea-
surement time as the time that it takes for
measurement volume to have re-equilibrated
with its surrounding environment. After time
the concentration in the measurement vol-
ume no longer correlates with the concentra-
tion a measurement time interval ago; you
cannot predict this previous value from the

current value, due to the intrinsic random-
ness of diffusion. The time scale τ of refresh-
ment of the volume with new molecules, lead-
ing to the loss of the correlation, is given by
the net loss rate of RL, given dRL

dt
= k+c(1−

RL)−k−RL = k+c−(k+c+k−)RL at steady
state, τ = 1/(k+c+k−). The value of k− can
be solved from k+c(1 − RL) − k−RL = 0.
We approximate the binding rate constant
k+ by a diffusion-limited rate constant, i.e.
k+ = 4πDs, with s as the reaction radius.
As the final equation, we obtain,

〈δ2ĉ〉
c2

=
1

N

1

RL(1−RL)
=
τ

T

1

RL(1−RL)
=

1

T (k+c+ k−)

1

RL(1−RL)

=
1

4πDsc(1−RL)

1

T
=

c+K

4πDscK

1

T
(10)

The interpretation of this equation is:

•

Finally, if M receptors are contained in

a cell then the squared error is reduced, be-
cause M times more independent samples are
taken in time T ,

〈δ2ĉ〉
c2

=
1

4πDsc(1−RL)

1

TM
=

c+K

4πDscK

1

TM
(11)

E. Characterisation of the errors

associated with an input-output relation

of a molecular circuit

We will view a molecular circuit from a
very coarse grained perspective, only by con-

sidering the concentration of its input and
output molecules. One of the strengths of
the information theory approach is that we
do not need to consider the exact networks
structure and the kinetic properties of com-
ponents, including that of their interactions.
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So we are considering the coarse grained
model,

S
Network−−−−−→ O, (12)

with ‘S’ as the signal, or input, of the network
and ‘O’ its output.

According to intuition, if O is independent
of S, changes in O and S will not correlate
with each other and not information can be
gained from O about S and also not from S
about O. So, O carries information about S if
their values correlate, the possible values that
S can take reduces when you know the value
of S. Given the information about O’s value
you can predict the value of S with greater
accuracy.

If values of O and S are 1-to-1, such that
for each value of S only a single value of O
occurs, and vice versa, then you have com-
plete information about S when you know the
value of O, and vice versa. This for instance
the case when O(S) = 5 S3

2+S3 . In this case,
the relationship between O and S is deter-
ministic, you can predict their values, given
the value of the other, with probability 1.

The relation between S and O will rarely
by deterministic in biology. In single cells
networks will in general introduce noise such
that the value of O will fluctuate at constant
S. Then O may take on values at S = s1 that

is also displays when S = s2 (s1 6= s2), which
reduces the probability that you predict the
correct S value from the values of O alone.
Now S and O are imperfect correlated.

If the correlation coefficient between S and
O, ρSO, equals zero, no information transfer
occurs from S to O by the network. If it
equals 1 (or -1) then the network does there-
fore not cause any information loss. The ‘mu-
tual information’ between S and O, the in-
formation that S carries about O and vice
versa, is therefore maximal when the corre-
lation coefficient is 1 (or −1) and zero if the
correlation coefficient is zero.

The measure for the mutual information
between S and O, the information that S car-
ries about O and vice versa, we shall denote
it by I(O;S). If S and O carry information
about each other their value then their value
are related to each other by some function,

O(S) = f(S) + noise. (13)

The noise reduces the correlation between S
and O. The kinetics of the network deter-
mines the function f(S) and the noise prop-
erties.

The equation for the mutual information
I(O;S) equals,

I(O;S) =
∑
o,s

p(o, s) log2

p(o, s)

p(o)p(s)
= H(O)− H(O|S)︸ ︷︷ ︸

noise entropy

= H(O) +H(S)−H(O, S) ≥ 0

= DKL(p(o, s)||p(o)p(s)) (14)

with ‘H’ as the information entropy defined
above,

HX = −
∑
i

pi log2 pi.

H(O) captures the amount of information in
O, when it is higher, it can take many value
and the current value ofO is harder to predict
accurately. H(O|S) captures the information
in O when you the value of S, if S and O

correlate strongly then the information in O
is greatly reduced when you know S. The
mutual information between is therefore high
when H(O|S) is low relative to H(O) then
you have learned a lot about the value of O
when you know the value of S. The joint
entropy H(O, S) is defined as,

H(O, S) = −
∑
o,s

p(o, s) log2 p(o, s) (15)
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and the conditional entropy as,

H(O|S) =
∑
s

p(s)H(O|s)

= −
∑
s

p(s)
∑
o

p(o|s) log2 p(o|s)

= H(O, S)−H(S) (16)

For many applications it is useful to define

the differential entropy for continuous ran-
dom variables,

HX = −
∫
f(x) log2 f(x)dx

, with X ∼ f(x) and Prob(X = x) = f(x)dx.
If X ∼ NormalDistribution(〈x〉, 〈δ2x〉 =
σ2
X) =: N(〈x〉, 〈δ2x〉) we find for the infor-

mation entropy of this distribution,

HX = −
〈

log2

e
−(x−〈x〉)2

2σ2
X√

2πσ2
X

〉
= −

〈
log2 e

−(x−〈x〉)2

2σ2
X

〉
+ log2

√
2πσ2

X

= −
〈 ln 2
−(x−〈x〉)2

2σ2
X

〉
+ log2

√
2πσ2

X = −
〈

ln 2
2σ2

X

−(x− 〈x〉)2
〉

+ log2

√
2πσ2

X

= 2 ln 2 + log2

√
2πσ2

X =
ln 2

ln e1/2
+ log2

√
2πσ2

X = log2 e
1/2 + log2

√
2πσ2

X

= log2

√
2πeσ2

X =
1

2
log2(2πeσ

2
X). (17)

This result indicates that the entropy of
a normal distribution is higher when its
variance is greater. This corresponds to
the intuition that the entropy of a prob-
ability distribution is higher when the
random variable can take on more val-
ues. This is in agreement with what
we found earlier, e.g. with a uniform
discrete distribution HX(p1, p2, ..., pN) =

HX(1/N, 1/N, ..., 1/N) = −
∑N

i=1 pi log2 pi =
log2N . When the variance of a random vari-
able is higher it take on more values with
relatively-significant probabilities.

For continuous random variables the mu-
tual information is defined as,

I(O;S) =

∫ ∫
fOS(o, s)log2

fOS(o, s)

fS(s)fO(o)
dods.

(18)
For instance, we consider the case that O and
S are jointly distributed according to a bi-
variate normal distribution, i.e.

{O, S} ∼ N({〈s〉, 〈o〉}, {σo, σs, ρ}) =: fOS(o, s),

with ρ as the correlation coefficient between

O and S defined as 〈δsδo〉
σoσs

with σo as the stan-

dard deviation (square root of the variance,
〈δ2o〉). The following marginal probability
distributions hold,

fO(o) =

∫
fOS(o, s)ds = N(〈o〉, σo)

fS(S) =

∫
fOS(o, s)do = N(〈s〉, σs)

For this example the mutual information
equals,

I(O;S) = −1

2
log2(1− ρ2). (19)

Also this equation agrees with intuition O
and S contain more information about each
other when their correlation coefficient is
high.

Another model is the following,

s ∼ N(〈s〉, σs)
o = f(s) + εσo, ε ∼ N(0, 1)

(20)
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with

a. f(s) = as such that o ∼ N(a〈s〉, a2σ2
s +

σ2
o), because var(as) = a2var(s) then
H(o) = 1

2
log2(2πe(a

2σ2
s + σ2

o) and

H(o|s) = 1
2

log2(2πeσ
2
o) such that,

I(O;S) = H(O)−H(O|S) =
1

2
log2

2πe(a2σ2
s + σ2

o)

2πeσ2
o

=
1

2
log2

(
1 +

a2σ2
s

σ2
o

)
=

1

2
log2 (1 + SNR)

We defined the signal-to-noise ratio as

SNR = a2σ2
s

σ2
o

. So if the variation in

the output due to changes in S exceeds
the variation in the output, given a
fixed signal concentration, so a2σ2

2 > σ2
o

then the mutual information between
O and S, with high certainty the true
S state can be inferred from know-
ing the value of O. Note is therefore

low. The SNR equals 〈δ2〈O|S〉〉
〈〈δ2O|S〉〉 with

〈δ2O〉 = 〈δ2〈O|S〉〉+〈〈δ2O|S〉〉 with the
first terms as the signal variation and
the second term as the noise.

b. If

S
network 1, x=f(S)−−−−−−−−−−→ X(S)

network 2, o=g(x)−−−−−−−−−−→ O(S)
(21)

such that P (O) =
P (O|X)P (X|S)P (S) then I(X;S) ≥
I(O;S) which is known as the ‘data-
processing inequality’.

F. Mutual information maximisation

1. Assuming negligible noise entropy

(histogram equilisation)

Understanding how the mutual informa-
tion between O and S can be maximised,
by varying the structure and the kinetics of
molecular circuits, given suitable constraints
is a relevant question for cell biology.

If the noise entropy is low, or fairly con-
stant, then the mutual information (eq. 14)
is maximised by entropy maximisation of
H(O) = −

∫
gO(o) log2 gO(o)do with o ∼

fO(o). In order to do so we have to con-
sider the constraint

∫
fO(o)do = 1 such that

we are faced with the following optimisation
problem, phrased in terms of the Langrage
function, L(fO(o)),

f optO (o) = arg max
fO(o)

−
∫
fO(o) log2 fO(o)do− λ

(∫ omax

0

fO(o)do− 1

)
︸ ︷︷ ︸

L(fO(o))


0 =

dL
dfO(o)

∣∣∣
fO(o)=foptO (o)

=
ln 2

(ln f optO (o))2
− ln 2

ln f optO (o)
− λ

⇒ f optO (o) = e

√
log(2)

√
4λ+log(2)−log(2)

2λ

1 =

∫ omax

0

f optO (o)do = e

√
log(2)

√
4λ+log(2)−log(2)

2λ omax

⇒ f optO (o) =
1

omax
(Continuous random variable, uniform distribution) (22)

So the mutual information I(O;S) is max- imised, when the noise entropy H(O|S) is



15

negligible or constant, if the probability dis-
tribution ofO is a uniform distribution. How-
ever, if the noise entropy is negligible, the dis-
tribution of O results from the input/output

relation o = g(s) and s ∼ fS(s). The prob-
ability distribution of a transformed random
variable, i.e. the random variable S is trans-
formed by g(s) leading to a new random vari-
able O, can be determined from the relation,

fO(o)do = fS(s)ds ⇒ do

ds
=
fS(s)

fO(o)
=
∣∣∣dg
ds

∣∣∣ =
∣∣∣g′(s)∣∣∣ ⇒ g′(s) = fS(s)omax

g(s) = g(0) +

∫ s

0

g′(s)ds = g(0) + omax

∫ s

0

fS(x)dx (23)

(Since fS(s)
fO(o)

> 0 we have enforce positivity

of dg
ds

; at the end of the first line we drop
the sign restriction since fS(s) > 0 and we
assume omax > 0.) So the input/output rela-
tion that maximises the mutual information,
under the current assumptions, is given by
the cumulative probability distribution of the
signal.

If s ∼ f(s) = N(〈s〉, σS) then the optimal
input/output relation equals,

o = g(s) =
1

2
omax

(
Erf

[s− 〈s〉√
2σS

]
+ Erf

[ 〈s〉√
2σS

])
which is hard to distinguish from the sig-
moidal function g(s) = omax

sn

sn+Ks
with as

Hill coefficient n = d
d ln s

ln θ(s)
1−θ(s) (where

θ(s) = g(s)
omax

) and Ks is the solution of

g(Ks) = 1
2
omax.

In this approximation the mutual informa-
tion equals the entropy of the output distri-
bution.

2. Mutual information maximisation, small

noise limit

We start by rewriting the mutual infor-
mation in a useful format (using the rela-
tion fOS(o, s)dsdo = fO|S(o|s)fS(s)dsdo =
fS|O(s|o)fO(o)dsdo),

I(O;S) =

∫ ∫
fOS(o, s) log2

fOS(o, s)

fS(s)fO(o))
dsdo

=

∫ ∫
fOS(o, s) log2

fOS(o|s)fS(s)

fS(s)fO(o))
dsdo

=

∫ ∫
fOS(o, s) log2

fOS(o|s)
fO(o)

dsdo

=

∫ ∫
fOS(o, s) log2 fOS(o|s)dsdo−

∫ ∫
fOS(o, s) log2 fO(o)dsdo

=

∫ ∫
fO|S(o|s)fS(s) log2 fO|S(o|s)dsdo−

∫
fO(o) log2 fO(o)do

= −
∫
fO(o) log2 fO(o)do+

∫
fS(s)

∫
fO|S(o|s) log2 fO|S(o|s)dods

= −
∫
fO(o) log2 fO(o)do︸ ︷︷ ︸

Entropy of output distribution, HO

−
∫
fS(s)HO|Sds︸ ︷︷ ︸
〈HO|S〉

(24)
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In order to determine the conditional entropy
HO|S we define the distribution of output val-
ues at a fixed signal value,

O|S ∼ N(g(s), σo|s(s)) (25)

with g(s) as the input/output relationship,
for instance g(s) = sn

Kn+sn
. The en-

tropy of this distribution equals HO|S(o|s) =
1
2

log2(2πeσ
2
O(s)) = 1

2

ln 2πeσ2
O(s)

ln 2
. Now we are

going to make the small noise approximation,
we going to assume that the following is true,

fO(o)do = fS(s)ds, (26)

which means that the probability to observe
S is equal to the probability of observing O =
g(s) so the noise in the variance in O at fixed
S is negligible. So effectively we are saying
the variation in S, σ2

S is much greater than
σ2
O|S(s) such that O(s) = g(s) + εσO|S(s) ≈
g(s) with ε ∼ N(0, 1). So, in the small noise
approximation, we say that o is a determinis-
tic function of s while s is a random variable,
i.e. s ∼ fS(s) such that

fO(o)g′(s)ds = fS(s)ds

g′(s) =
∂g(s)

∂s
do = g′(s)ds

s = g−1(o) (27)

Now we arrive at

I(O;S) = −
∫
fO(o) log2 fO(o)do−

∫
fS(s)HO|Sds

= −
∫
fO(o) log2 fO(o)do−

∫
fO(o)g′(s)HO|S

do

g′(s)

= −
∫
fO(o) log2 fO(o)do−

∫
fO(o)HO|Sdo

= −
∫
fO(o) log2 fO(o)do− 1

2 ln 2

∫
fO(o) ln 2πσ2

O(s)do

(28)

Now the question is for which fO(o) is the
mutual information between O and S max-
imised, given that 〈o|s〉 = g(s) and the noise

in O is small at a fixed S, so
σ2
O|S(s)

〈O|S〉2 ≈ 0. We

will find the optimal fO(o), denoted by f ∗O(o)
using the langrange multiplier method,

L = I(O;S)− λ
(∫

fO(o)do− 1
)
,

∂L
∂fO(o)

∣∣∣
fO(o)=f∗O(o)

= 0 (29)

(Note that this is a derivative wrt to a func-
tion. Likely this works the same as taking the

derivative with respect to a variable.) Thus,
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0 =
∂

∂fO(o)

(
−
∫
f ∗O(o) log2 f

∗
O(o)do− 1

2 ln 2

∫
f ∗O(o) ln 2πσ2

O(s)do
)

0 = − 1

ln 2
(ln f ∗O(o) + 1)− 1

2 ln 2
ln[2πeσ2

O(s)]− λ

f ∗O(o) = e−1−
1
2
ln[2πeσ2

O(s)]−λ ln 2 =
e−1−λ ln 2

√
2πe

1

σO(s)
=
e−1−λ ln 2

√
2πe

1

σO(g−1(o))
=

1

Z

1

σO(g−1(o))
(30)

Where Z is a constant and defined such that∫
f ∗(o)do = 1 therefore,

1 =

∫
f ∗(o)do =

∫
1

Z

1

σO(g−1(o))
do

Z =

∫
1

σO(g−1(o))
do (31)

We can also determine λ from the constraint
that

∫
f ∗(o)do = 1 then,

1 =
e−1−λ ln 2

√
2πe

∫
1

σO(g−1(o))
do

e−1−λ ln 2 =

√
2πe∫
1

σO(g−1(o))
do

λ = −
ln

√
2πe∫
1

σO(g−1(o))
do

ln 2
− 1

ln 2
(32)

Now note that σO(g−1(o)) = σO(s) and that
in the small noise approximation σ2

O(s) =
g′(s)2σ2

S with σS as a constant; so, (I am not
sure whether this is correct),∫

1

σO(g−1(o))
do =∫

1

σO(s)
g′(s)ds =∫

1

g′(s)σS
g′(s)ds =

1

σS
(33)

Therefore,

λ = −
ln

√
2πe∫
1

σO(g−1(o))
do

ln 2
− 1

ln 2

= − log2

√
2πeσ2

S −
1

ln 2
(34)

Now f ∗O(o) becomes,

f ∗O(o) =
e−1−λ ln 2

√
2πe

1

σO(g−1(o))

=
e−1−(− log2

√
2πeσ2

S−
1

ln 2
) ln 2

√
2πe

1

σO(g−1(o))

=
1
2

ln(2πeσ2
S)

√
2πe

1

σO(g−1(o))

=
ln 2H(S)√

2πe

1

σO(g−1(o))
(35)

Here we assumed that s ∼ N(〈s〉, σ2
S).

By rewriting the optimal output distribu-
tion we can come up with an explanation why
it is the optimal one,

f ∗O(o)do =
1

Z

1

σO(g−1(o))

=
1

Z

1

g′(s)σS

=
1

ZσS

1

g′(s)
do (36)

When the slope of the input/output relation
is high at some s value then the probability
of the associated o should be low.

3. Still to add

1. channel capacity C =
maxparameters I(O;S), a channel can-
not transform more signal entropies
exceeding C

2. rate distortion function, C =
max I(O;S|D ≤ D∗)

3. mutual information maximisation, an-
alytical results
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IV. THE FITNESS VALUE OF

INFORMATION; HAVING HIGHER

MUTUAL INFORMATION IS OFTEN

SELECTED FOR

V. FINAL REMARKS AND

THOUGHTS
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